A theoretical analysis for the reflected and transmitted waves at an elastic-plastic boundary is presented. The basis of this analysis is the linear elastic wave theory in a hard load-bar and the one-dimensional, strain-rate-independent theory of finite-amplitude plastic waves in a soft specimen. The constitutive relationship during dynamic plastic deformation is an experimentally determined dynamic response function in the soft material. The analysis predicts results that agree very closely with experimental results.
INTRODUCTION
The determination of the elastic and inelastic deformations produced in a body, due to the propagation of finiteamplitude stress waves, is of considerable practical interest to several industries. These finite-amplitude stress waves may be generated during the collision of two bodies, e.g. automobiles. The present paper presents an analytical and an experimental determination of reflected and transmitted waves in a cylindrical specimen when an incident elastic stress wave reaches a discontinuity in the cross-sectional area and in the yield strength of the material. The transmitted part of the incident wave generates several plastic waves if its magnitude is larger than the yield stress of the material.
In the analysis, the linear elastic wave theory in the hard cylindrical specimen (with yield stress higher than the incident stress wave) and a strain-rate-independent nonlinear theory of finite-amplitude waves in the soft specimen,(with a much lower yield stress than the hard specimen) are used. The finite-amplitude wave theory is the one proposed independently by Taylor (l)t, Karman (2), Rakhmatulin, and White and Griffis (3), which predicts that the waves associated with each level of strain will travel at constant speeds. This analysis is similar to the one used by Bell (4). The analytical predictions using the two wave theories mentioned above and some rather simple boundary conditions are shown to agree with measurements of the incident and reflected waves using strain gauges and of the transmitted wave using a diffraction-grating technique (5).
THEORETICAL ANALYSIS
The situation, for which the following analysis is provided, is shown in Fig. 1 . An elastic wave travelling in the hard load-bar is partly reflected and partly transmitted upon its arrival at the interface, which is a discontinuity in the cross-sectional area as well as in the yield stress of the material. The yield stress of the partly hollow and partly solid soft aluminium specimen is much lower than that of the load bar.
For the load-bar, which is never stressed beyond its
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All dimensions are in m m yield stress, the governing uniaxial linear stress-strain function is (T = EE (1) while for the completely annealed soft specimen, the governing uniaxial stress-strain function, as established by Bell (a), is
The experimentally-determined averaged dynamic value of Young's modulus, E, for 2024-T4 aluminium bars at room temperature is 1 0 . 2~ lo6 lbf/in2, or 7180 kgf/mm2, while the mass density is 2.53 x lbf-s2/in4, or 2.75 x lo2 kgf-s2/m4. The calculation of the E was based on the time of arrival of the elastic wave reflected from the free end of the striker bar. The parabola coefficient, j?, for the commercially pure annealed 1100-polycrystalline aluminium at a room temperature of 300 K is 4.57 x lo4 Ibf/in2, or 32.14 kgf/mm2.
The stress-particle-velocity relationships referred to an undeformed reference configuration (natural state) and constant wave speeds, as predicted by the elementary linear elastic wave propagation theory of St Venant, in the hard load-bar, are Substitution of the parabolic stress-strain function given by equation (2) in the finite-amplitude theory relationships ( 5 ) and (6) leads to equations (7) and (8):
Combining equations (7) and (8), we obtain a stressparticle-velocity relationship for the nonlinear, finitewave siiuation in the soft specimen, similar to equation (3) for the linear elastic behaviour of the load bar, given by equation (9):
where 0, po and v are stress, mass density and particle velocity, respectively, all referred to the undeformed reference configuration, while c,(a) is the finite-amplitude wave speed, which is constant for any prescribed stress, its value being a function of the stress amplitude. As already explained, the one-dimensional elastic wavefront in the hard bar decomposes into reflected and transmitted wavefronts upon arrival at the interface. Thus, at the elastic-plastic interface, equations (10) and (1 1) represent the continuity of uniaxial normal force and longitudinal particle velocity, respectively:
(oI-oR)AH-oTAT = 0,As
(1 1) where A H , A T and A, are the cross-sectional areas of the hard load-bar, the hollow part and the solid part of the specimen, respectively. Subscripts I and R refer respectively to incident and reflected quantities, while S and T refer to transmitted quantities in the solid and hollow portions of the specimen. Using equation (3) for vI and vR, and equation (9) for vs and vT, equation (1 1) may be written as Eliminating c R between equations (10) and (12) yields a relationship between oT and oI, given by while using equations (7) and (12) we get Therefore, using equations (13) and (14), we can write Similarly, the elimination of oI and the use of equation (14) gives By a similar procedure, using equations (lo), (12) and (14), we obtain In equations (15) (19) and (20) is achieved by taking a specific strain amplitude (or stress amplitude), calculating the 
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wave speed corresponding to this value by using equations (7) and (2), and then calculating oI from equation (19). Then, equation (20) gives cR for those specific values of oI and E . Fig. 2 shows the calculated wave speeds for large-amplitude strains, while Fig. 3 is a graphical solution of equations (19) and (20) for AT/AH = 0.227 and A s / A H = 1.5187, the area ratios corresponding to the dimensions of the specimen shown in Fig. 1 Since the mechanical impedances of the load bar and the striker are the same, as has been stated already, the equivalence of stress and particle velocity at the interface causes a jump in the magnitude of the particle velocity of the specimen equal to half that of the striker. This jump (which also represents the actual particle velocity of the specimen, since the specimen was initially at rest) will be referred to hereafter as the impact velocity. The constant velocity of the striker bar, 2Vimp,,,, is determined prior to impact with the aid of velocity wires and an electronic counter. Therefore, by using equation (15), the 'predicted incident stress' is given as 01 = PoCoVimpact.
(21) For this value of predicted incident stress, the 'predicted reflected stress' and 'predicted maximum strain' are found from Fig. 3. 
EXPERIMENTAL PROCEDURES
Details of the experiment, including specimen preparation, have been documented already (7)(8) . Here, only a very brief description will be given, to enable an understanding of the boundary conditions. A schematic diagram of the experiment is shown in Fig. 1 . An elastic wave is produced in a 2024-T4 or 7075-T6 hard aluminium load-bar by impacting it with an identical striker bar, propelled at constant velocity by a ported-muzzle air-gun. On its arrival at the interface of the load-bar and the soft specimen, this elastic wave induces a compressive wave in the solid portion and a tensile wave in the hollow portion of the specimen. The soft specimen is annealed for two hours at 1100°F and furnace-cooled.
The dynamic E-modulus of the hard load-bar is determined from the measured bar velocity of the elastic waves and the density of the material. A flexure-eliminating combination of two resistance gauges is used to determine the stress history of the load-bar, while the strain history of the soft specimen is determined by using Bell's diffraction-grating technique (5).
EXPERIMENTAL DATA AND DISCUSSION
The stress histories of the hard load-bar are shown in Figs 4 to 9. In all cases, the strain gauges were located midway between the impact face and interface of 30.48 cm long bars, except in test no. 1572 (Fig. 6) strains due to the transmitted waves are given in Table 1 . These predicted maximum strains are obtained from equation (19) . For the strains that are recorded under test nos 1706, 1708, 1710 and 1712, the diffraction grating was located in the solid portion of the specimen, and therefore these are compressive strains. In all other tests, the grating was located in the tubular portion of the specimen, and therefore the measured strains are tensile.
SUMMARY A N D CONCLUSIONS
It has been shown that an analysis using some simple boundary conditions, together with linear elastic wave theory in a hard load-bar and finite-amplitude wave theory in terms of an experimentally-determined parabolic response function in a soft specimen, predicts very closely the experimental results. The above conclusion is only true for a material with no (or negligible) strain-rate-dependent behaviour. 
